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Abstract. It was shown by Samelson 9 and Wang |TU| that each compact 
Lie group K of even dimension admits left-invariant complex structures. When 
K has odd dimension it admits a left-invariant CR-structure of maximal di- 
mension. This has been proved recently by Charbonnel and Khalgui who 
have also given a complete algebraic description of these structures. 

In this article we present an alternative and more geometric construction of 
this type of invariant structures on a compact Lie group K when it is semisim- 
ple. We prove that each left-invariant complex structure, or each CR-structure 
of maximal dimension with a transverse CR-action by M, is induced by a holo- 
morphic C'-action on a quasi-projective manifold X naturally associated to 
K. We then show that X admits more general Abelian actions, also inducing 
complex or CR-structures on K which are generically non-invariant. 



1. Introduction 

Each compact Lie group K of even dimension can be endowed with a left-invariant 
complex structure. This was proved independently by Samelson W and Wang JlOj. 
At that time their construction provided one of the first known families of compact 
non-Kahler complex manifolds since, by topological reasons, a compact complex 
Lie group cannot be Kahler unless it is Abelian. 

Recently Charbonnel and Khalgui have given an algebraic description of all left- 
invariant CR-structures of maximal dimension on compact Lie groups (cf. If 
dimK is even these structures are invariant complex structures on K and there 
is only one type of them. In the odd-dimensional case CR-structures of maximal 
dimension are divided into two types. This classification is made in terms of Cartan 
subalgebras and root systems. 

The aim of this paper is to present an alternative and more geometrical construc- 
tion of left-invariant complex structures and of CR-structures of maximal dimension 
admitting a transverse CR-action of M (the precise definition is given in §2) on a 
compact Lie group K. If dimK is odd these kind of CR-structures corresponds 
precisely to one of the two types considered by Charbonnel and Khalgui. 

Assume that K is semisimple and let C denote its universal complexification. 
Then K is naturally embedded into the quasi-projective manifold G/U where U 
is a maximal unipotent complex subgroup of G. If dimK = 2n, a left-invariant 
complex structure on K is determined by a complex subgroup L of G of dimension 
n and such that L n K = {e}. It turns out that L is closed and solvable and, 
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up to conjugation, it can be chosen in such a way that U C L. The choice of 
L determines a C'-action on G/U, where / = rankK/2, which is transverse to K 
and therefore defines a complex structure on the compact Lie group. In fact K 
can be identified to the orbit space of the C'-action. It is proved that each left- 
invariant complex structure is obtained in this way. This procedure is similar to 
the construction of non-Kahler manifolds obtained as orbit spaces of holomorphic 
group actions developed by Loeb-Nicolau in Lopez de Medrano-Verjovsky in ^ 
and Meersseman in jx. 

If dimK = 2n + 1, a left-invariant CR-structure of maximal dimension is de- 
termined also by a complex subgroup L of G of dimension n with L n K = {e}. 
However, in this case L does not necessarily contain a maximal unipotent subgroup 
of G. In fact L contains such a subgroup U precisely when the CR-structure on K 
admits an invariant transverse CR-action of M. This is equivalent to the existence 
of a n + 1-dimensional complex subgroup L' of G containing L as a normal sub- 
group. Then the transverse CR-action is given by the one-parameter subgroup of 
K defined as K n L'. In this situation the construction above can be adapted to the 
odd-dimensional case and we are able to describe all the invariant CR-structures 
of maximal dimension with a transverse M-action on a semisimple Lie group K 
in terms of appropriate Abelian actions on G/U. The existence of invariant struc- 
tures of these types on an arbitrary compact Lie group follows easily from the above 
constructions. 

The main interest of the geometric construction that we present here is that, 
by deformation of the action, one can define structures of the above types on K 
which are not invariant. In section 4 we introduce a larger class of C'-actions on 
the quotient space G/U showing that they define complex structures on K, or CR- 
structures with transverse R-action, according to the parity of the dimension of the 
group. We also show that the structures so obtained are generically non- invariant. 

2. Invariant complex and CR-structures on Lie groups 

Throughout all the paper K will be a compact connected real Lie group and t 
will denote its Lie algebra. Recall that the dimension and the rank of K have the 
same parity. We set rank K — 2r when dim K = 2n and rank K = 2?- + 1 when 
dimK = 2n + 1. Let G denote the universal complexification of the Lie group K 
and Q — :— t ^ C its Lie algebra. G is a linear algebraic group. 

Proposition 2.1. An (integrable) left- invariant CR-structure overK. is defined by 
a complex subalgebra I of g such that lot — {0}. 

Proof. Notice that a left-invariant CR-structure on K is determined by a complex 
subspace [ of g, which defines the vectors of T^K of type (0, 1), fulfilling the condi- 
tion [ n [ = {0}. This condition is equivalent to [ C 6 = {0}. On the other hand the 
CR-structure defined by [ is integrable (or involutive) if and only if [[, [] C I, i.e., if 
[ is a subalgebra. □ 

In this article we will be concerned with (left-invariant) CR-structures of maximal 
dimension on K; that is, dime I = n if dimRK = 2n or dimmK = 2n -I- 1. Notice 
that in the even-dimensional case, i.e. dimu K = 2n, a CR-structure of maximal 
dimension is nothing but a complex structure on K. By convention the subalgebra 
[ will always correspond to the distribution of vector fields of type (0,1) of the 
CR-structure. 
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By a CR-structure with a transverse W-action on an odd-dimensional manifold 
ypn+i mean a CR-structure of maximal dimension on M defined by a complex 
subbundle <i>°'^ C T^M together with a CR-action of M induced by a vector field ^ 
which is transverse to V = TM n {^°'^ ® W^) at each point, i.e. TM = (^) ® P. 

The notion of CR-structure with a transverse M-action on an odd-dimensional 
manifold coincides with that of normal almost contact structure (cf. [J). Such 
a structure will be called nacs for shortness. The following proposition gives a 
characterization of left-invariant nacs on K. 

Proposition 2.2. A left- invariant nacs over a compact connected real Lie group 
K such that dimR K = 2n + 1 is determined by a pair of complex subalgebras I C [' 
of Q of complex dimension n and n -\- 1 respectively such that: 

(a) [nt = {0},- 

(b) dimR['ne = 1; 

(c) [ is an ideal of \' , i.e. [[, ['] C I. 

Proof. Proposition 12 . II savs that the subalgebra I defines a left-invariant CR-struc- 
ture on K. Note that [' n t = (^)r corresponds to the left-invariant vector field 
defining the CR-action. Clearly the vector field ^ is transverse to the CR-structure 
determined by I and condition (c) implies that it induces a CR-action. 

Conversely, if a normal almost contact structure on K is given by a subalgebra I 
defining the CR-structure and a left-invariant vector field ^ defining the CR-action 
then it is enough to set I' = I © (Oc- Notice that = [ ® I ® (Oc and therefore 
dimR['ne=l. □ 

Remark 2.3. If the complex subalgebras [ C I' = I ® (^)c of q determine a left- 
invariant nacs over K then the product K x 5*^ can be endowed with a left-invariant 
complex structure in a natural way. It suffices to define the distribution of vec- 
tor fields of type (0, 1) on K x as the involutive distribution generated by the 
subalgebra t © (C + where ^ is the vector field determined by the natural 
5^-action. 

In a similar way if Ki and K2 are compact connected Lie groups with left- 
invariant nacs defined by pairs of subalgebras [1 C i'l ^ h ® {^i)c and [2 C [2 = 
[2 © (^2)c respectively then the product Ki x K2 is endowed with a left-invariant 
complex structure defined by the subalgebra ti © [2 © (Ci + *?2) of gi © 92- 

Charbonnel and Khalgui, in a recent paper j^, have given a complete charac- 
terization of left-invariant CR-structures of maximal dimension on a compact Lie 
group K in terms of the algebraic structure of the subalgebra [. According to this 
structure they divide these CR-structures into two types: CRO and CRI. With this 
terminology left-invariant nacs on K correspond exactly to CR-structures of type 
CRO. 

In the characterization given by Charbonnel and Khalgui a crucial fact is the 
solvability of the subalgebra L Using a more geometrical approach we give here an 
independent proof of this result for left-invariant complex structures and for nacs 
when the Lie group K is semisimple. The interest of this alternative point of view 
is two- folded. On one hand we are able to prove that, under the above hypothesis, 
the connected Lie subgroup L of G associated to the subalgebra [ is closed. On the 
other hand, this approach allows us to construct, in the last section, non-invariant 
complex structures and nacs on K. 
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Remark 2.4. Recall that a compact Lie group K has a finite covering group which 
is the product of a semisimple compact Lie group Ki with a torus (S"^)™. Thus one 
can write 

K = r\(Ki X (S-i)") 

where F is a finite subgroup of the center Z(Ki x (S*!)™) = Z{Ki) x (51)" of 
Ki X (5^)™. By this reason we will start discussing the semisimple case and at 
the end we will prove the existence of complex structures or nacs on an arbitrary 
compact Lie group using the above description. 

Theorem 2.5. Let K 6e a compact connected semisimple Lie group endowed with a 
left-invariant complex structure defined by a subalgebra I of g or with a left-invariant 
nacs defined by a pair of subalgebras [ C [' of Q. Let L be the connected complex 
Lie subgroup associated to I. Then the subalgebra I is solvable and the subgroup L 
is closed. 

Moreover, the inclusion K C G induces a CR-embedding K ^ G/L 0/ K into 
the homogeneous complex manifold G/L and 

(i) i/dimRK — 2n, the map K s- G/L is a biholomorphism, 
(ii) i/dimRK = 2n + 1 then G/L is diffeomorphic to the product K x M and the 
map K ^ G/L identifies K with Kx {0}. Furthermore there is a holomorphic 
vector field C, G/L which is transverse to K and whose real part is tangent 
to K and defines the CR-action of the nacs on K. 

Corollary 2.6. Let K 6e a compact connected semisimple Lie group endowed with 
a nacs defined by a pair of subalgebras [ C I' of q. Then [' is solvable. 

Proof, (of the Corollary) Since [' — i® (^)c and [ is an ideal of [' we have [[', ['] C I, 
thus [' is solvable if and only if [ is solvable. □ 

Proof, (of the Theorem) We consider the compact Lie group K endowed with a 
left-invariant complex structure defined as follows. If dimR K = 2n we set K = K 
and if dimg K = 2n + 1 we define K as the product K x S"^ with the left-invariant 
complex structure defined in remark [2.31 

We shall first prove that there exist a complex closed subgroup L of the universal 
complexification G of K and an embedding K'-^G/L such that the complex or CR- 
structure on K defined by [ agrees with the one induced by the embedding and the 
homogeneous complex structure on G/L. Next we will see that the Lie subalgebra 
associated to L coincides with [. 

We consider the complex Lie group G — Autc (K) of holomorphic automorphisms 
of the complex manifold K and we denote by L the isotropy group of e € K, i.e. 
L = {/ e G : /(e) = e}. Then L is closed and, since K acts holomorphically 
and transitively onto itself by left-translations, there is an inclusion K C G and 
the complex manifold K is naturally identified to G/L. In particular there is a 
CR-embedding K '-^^ G/L which is just a biholomorphism in the even-dimensional 
case. 

Now we will see that t is totally real in the complex Lie algebra g of G. Let us 
consider the ideal m of t defined by m = t n it, where i denotes the product by 
inside the complex Lie algebra g. Since K is semisimple we have t = ii ® ... © ip 
where ii, ip are simple ideals of t and we can write m as a sum of some of these 
ideals. In particular [m, m] = m. On the other hand tn is a complex subalgebra and 
the associated Lie subgroup M of K is a complex Lie group. Since m is an ideal of I 
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then M is a normal subgroup of the semisimple compact Lie group K and therefore 
it is closed. It follows that M is a compact complex Lie group and consequently 
Abelian. Thus m = [m, m] = and t is totally real in g. 

Let G' be the connected complex subgroup of G associated to the complex Lie 
subalgebra g := t it of g. Since K is totally real in the complex Lie group G' 
and the Lie algebra of G' is a complexification of the Lie algebra of K then K is a 
compact real form of G'. Since G' is semisimple K is a maximal compact subgroup 
of G'. On the other hand K is also a maximal compact subgroup of its universal 
complexification G. By the universal property of G there is a group morphisni 
G ^ G' sending t identically onto itself. This morphism is therefore a covering 
map and since K is as a deformation retract for both G and G' one deduces that 
G ^ G'. 

Let Li denote the closed complex subgroup L n G of G. The quotient G/Li is 
naturally included into G/L and there is a CR-embedding 

(1) K G/Li C G/L ^ K 

Let us see that in fact G/Li — G/L = K. By construction the composition of all 
the inclusions in |^ is just the identity of K = K when dimjj K = 2n and identifies 
K with K X {e} C K when dimRK = 2n + 1. The assertion is thus clear in the 
even-dimensional case. Since G/Li is a complex manifold we also deduce from 
that dime G/Li = n + 1 if dimg K = 2n + 1. In this last case the map 

(2) V:G^K, 

obtained as the composition il) : Q ^ G/Li C G/L = K, is surjective showing the 
desired identity. In fact, since K is an exponential Lie group, any element /i € K can 
be written h = exp(u), with v a left-invariant vector field, and then h — 'ip{exp(v)) 
where w is a vector fulfilling doipiv) = v- 

We deduce that, in both cases, the map ((SJ defines a fibration with fibre Li. The 
corresponding homotopy long exact sequence gives 

(3) = ^2(K) ^ 7ri(Li) ^ ^i(G) ^ ^i(K) ^ ^o(Li) ^ 0. 

If dimg K = 2n the map ip : 7ri(G) — > 7ri(K) is an isomorphism because K = K 
is a deformation retract of G and we deduce that Li is connected. In this case 
we define L = Li. If dimjiK = 2n -I- 1, since ip(K) = K x {e} the morphism (p 
is injective with a cokernel isomorphic to 7ro(Li) = Z. In this case we define L as 
the connected component of the identity of Li. Notice that L is closed in G and 
that G/L is diffeomorphic to the product K x R. Moreover the inclusion K C G/Li 
induces a well defined CR-embedding K ^ G/L. 

Therefore K is biholomorphic to G/L in the even-dimensional case and, in the 
odd-dimensional case, K inherits its CR-structure from the complex structure of 
G/L by means of the embedding K ^ G/L. In both cases this is equivalent to 
say that the Lie algebra of L coincides with L This follows from the identities 
TG = ? © it = [ ® I and TG = t © it = [ © I © (0 in the even-dimensional case and 
in the odd-dimensional case respectively. 

If dimR K = 2n -I- 1 let L' be the connected subgroup associated to [' = I © (^). 
Since L is normal in L' the element £, G I' induces a well defined vector field ( on 
G/L with the properties stated in the theorem. 
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Finally we end the proof by showing the solvability of the algebra [. By Levi- 
Malcev's theorem the complex algebra [ can be decomposed as a sum of a solvable 
ideal r and a semisimple subalgebra s. If [ is not solvable then the complex sub- 
algebra s 7^ admits a real compact form T, i.e. there exists a compact real Lie 
subgroup T of L with Lie algebra t such that s = t"'. As K is a maximal com- 
pact subgroup of G there exists an element g G G such that T C gKg~^ = K', in 
particular K' n L I) T ^ {e}. Since the action of K over G/L by left-translations 
is free we deduce that the action of K' by left-translations over G/L is also free. 
It follows that K'nL= {e}. This leads to a contradiction and therefore [ must be 
solvable. □ 

Remark 2.7. Given a complex subalgebra I with dimcl = n and int — {0} it does 
not always exist a subalgebra [' D [ defining a nacs. The Lie groups SO (3) and 
SU(2) provide examples of this situation, as we will see in the next section. 

Since the algebras 1 and l' are solvable there is a Borel subgroup B of G, that is 
a maximal solvable algebraic subgroup, whose Lie algebra b contains [ and I'. The 
next statement describes the relation between [, [' and b. 

Theorem 2.8. Let K be a compact connected semisimple Lie group with Lie algebra 
i endowed with a left-invariant complex structure defined by a subalgebra I of q or 
with a nacs defined by a pair I d I' of subalgebras of q. Let 3 be a Borel subgroup 
of G whose Lie algebra b contains I, and [' in the odd- dimensional case, and set 
u— [b, b]. Then there exist a Cartan subalgebra r = t'' contained in b such that 
(i) t is a maximal Abelian subalgebra oft, 

(ii) I = (I n r) © u, and also I' — ([' n r) © u in the case of nacs. In particular 
uc [. 

We begin by stating some results that will be used in the proof of the theorem. 

Lemma 2.9. Every connected complex subgroup M of {C*)'' is isomorphic to C' x 
(C*)'' for I, s > and I -\- s < k. Moreover: 

(a) //dimR(Mn (S^)'') = then M is isomorphic to C' and < I < k/2. 

(b) //dimR(Mn (5^)'=) = 1 then M is isomorphic to C' x C* or 0+'^ and < I < 
(fc-l)/2. 

Proof. By a theorem of Morimoto (cf. [7|) a Lie subgroup M of (C*)'"' is isomorphic 
to M° X C' X (C*)'* where is a (HC)-group, that is an AbeUan group without 
holomorphic functions other than the constants. As (C*)'"' is Stein all its subgroups 
admit non-constant holomorphic functions. Thus in our case M" = 0. Moreover 
since (C*)'^ and M are Abelian their maximal tori are unique and it follows that 
the maximal torus (S^Y of M is included into the maximal torus {S^Y of (C*)'^. 
Therefore if dimR(M n (S^Y) = then M is isomorphic to C'. Finally note that 
if an injective morphism /? : C' — > (C*)'^ verifies dimR(Im(/3) fl (S^Y) = then 
I < k/2. This proves (a). Part (b) is proved in a similar way. □ 

Lemma 2.10. Let M be a complex subgroup o/(C*)^ isomorphic to and assume 
that we are in one of the following two cases: 

(a) q = 2k,p = k and dimR(M n (S^)'^'') ^ or 

(b) q^2k + l, p = k + l and dimR(M n {3^)^''+^) = 1. 

Then M = (C*)'', where M denotes the Zariski closure o/M. 
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Proof. Case (a) being similar and simpler we only give the proof for case (b). First 
notice that every connected algebraic subgroup of (C*)" is of the form (C*)™ (c.f. 
[HI). Since M is an algebraic subgroup of (C*)^'^"'"^ it is isomorphic to (C*)' with 
I < 2k + 1. Moreover its maximal torus (5''^)' is included in the maximal torus 
(5^)" of (C*)". Now it is enough to notice that M = C'^^^ cannot be immersed 
into (C*)' if Z < 2fc + 1 since this would contradict the inequality 

2k + 2 + I = dimMC^'+i +dimR(5i)' 

< dimR(C*)' + dimK(C'^-+i n (S^Y) =21 + 1. 

□ 

Proposition 2.11. Let K 6e a compact connected semisimple Lie group with Lie 
algebra i endowed with a left-invariant complex structure defined by a subalgebra I 
of Q or with a nacs defined by a pair I d I' of subalgebras of g. Let B be a Borel 
subgroup of G whose Lie algebra b contains I, and [' in the odd- dimensional case. 
Then i := b C]t is a maximal Abelian subalgebra of i and the Cartan subalgebra 
r = c b fulfills: 

(i) // diniR i = 2n then I + r = b and dimR(l n r) = rankK. 
(ii) //dimR? = 2n + 1 then [' + r = b and dimR(l n r) = rankK + 1. 

Proof. Let us begin by proving that t b H t is a maximal Abelian subalgebra of t. 
As the identity component of B n K is a closed connected Lie subgroup of a compact 
Lie group K, it is compact and it follows that bn6 = [bn6, bnt]ffiC(bnfi), where 
[b n 6, b n 6] is semisimple and C(b n t) is the center. On the other hand, b n t is 
solvable, therefore it cannot admit a semisimple subalgebra and we conclude that 
the subalgebra t is Abelian. Since all the Borel groups have the same dimension we 
have dime b = dimg i + rankK. Therefore the inequality 

dimR b + dimR t = dimR(b + t) + dimR(b Dt) <2 dimR t + dimR(b n t) 

implies dimR(b n 6) > rankK. So t = b n t must be a maximal Abelian subalgebra 
of t. Then r = t"^ is a Cartan subalgebra of q contained in b and dimR r = 2 rankK. 
Assume now that dimR i = 2n and rankK = 2r. Since dimR I = 2n one has 

2n + 2r = diniR b > dimR([ + r) = 2n + 4r - dimR(l n r), 

so 2r < dimR([ n r). On the other hand, since I n 6 = we have dimR(l n r) < 2r 
and this concludes the proof in the even-dimensional case. 

Finally let us consider the case dirngt = 2n + 1 and rankK = 2r + 1. Note that 
(^)r = ['n!cbnt = t, therefore [' n t = (^)r. By hypothesis [' + r C b, and since 
dimR [' = 2n + 2 we have 

2n + 2r + 2 = dimR b > dimR(l' + r) = 2n + 4 + 4r - dimR([' n r). 

So 2r + 2 < dimR([' n r). Thus 1' n r is a real subspace of t it of dimension 
at least 2r + 2 whose intersection with t has dimension 1, because [' fl t = (f)R. 
Using Grassman formula one deduces that dimR([' n r) = 2r + 2. Now the previous 
inequality implies dimR ( I' + r) = 2n + 2r + 2 and consequently [' + r = b. □ 

Proof. (Theorem 12. 8|) We give the proof for the odd-dimensional case. That is, 
we assume that dimR K = 2n + 1, rank K = 2r -I- 1 and that I C I' are a pair of 
subalgebras of g defining a nacs on K. For the even-dimensional case the argument 
is analogous. 
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Proposition 12 . 1 II tells us that t = b n Ms a maximal Abelian subalgebra of t and 
therefore r = t"' is a Cartan subalgebra contained in b. We must then show that 
(' = ([' n r) © u and [ = ([ n r) © u. Using the root decomposition of g by respect to 
r we can write 

= r©ae$0„, b = r©^g|,fla, u = ©^^jg^, 

where $ is the set of roots of g relative to r different from zero, <I> is a suitable 
subset of $ and 2a are proper subspaces. 

We consider now the action on [' of its Abelian subalgebra ['nr. Since this algebra 
is Abelian the endomorphisms of [' defined by the elements of [' n r diagonalize 
simultaneously. Thus we obtain a decomposition of [' as a direct sum of eigenspaces 

[' = to ©aG(l')*-{0} 

where l'^ = {X e I' : [R, X] = a{R) ■ X, Vi? G [' n r}. Note that C u for a 0. 
Indeed if there exists i? € rfl [' such that a{R) ^ then for a given X E l'^ we have 

a{R) 

Moreover it is clear that I' n r C Iq. Now we want to prove that [' = (I' n r) © u with 
Iq = I' Hx and (Bae(v)*-{o}la — ^- particular this will imply I — ([Or) ©u ending 
the proof. In fact, since [[', I'] C I the same argument above tells us that [J^ C [ for 
a 7^ and therefore u C [. Then we deduce [ = ([ n r) © u. 

We will first see that Ig C r, which yields ['fir = [q and then we will conclude by an 
argument of dimensions. We must check that given X £ I' such that [R, X] — for 
every i? g r n [' then [R, X] = for every i? e r. Let L' and H be the connected Lie 
subgroups of G corresponding to the Lie subalgebras [' and r respectively and define 
S' as the connected component of the identity in L' n H. Recall that H ^ (C*)^''^^. 
According to Lemma lT^ there are two possibilities. In the first one S' = C x C* and 
if we denote by M the subgroup of S' isomorphic to C then diniu Mn {S^}'^^'^^ — 0. 
In the second one, S' = C^+i and dimK(C''+i n (S'i)2'-+i) = 1. In both cases 

Zar 

lemma 12 . 1 01 implies S' = H. By hypothesis AdhX — for every /i e L' n H and 
X G I'. Since this is an algebraic condition and S' ^"^ = 11 we deduce that AdhX = 
is also fulfilled for each /i e H and X £ I', and therefore ['o C r. We conclude that 
[' = ([' n r) ©Qei"_{o} i'a with ['a C u. Finally set u' = ©Qe(i')*-{o} 'a ^ u and 
notice that by Proposition l2.11l 

dime u' = n+ l — r— l=n — r = dime 

□ 

The following proposition characterizes left-invariant CR-structures on odd-di- 
mensional Lie groups underlying a nacs. 

Proposition 2.12. Let K^"''"^ be an odd- dimensional semisimple compact Lie 
group endowed with a left- invariant CR-structure of maximal dimension defined 
by a complex subalgebra t o/g. There exists a subalgebra I' of g such that the pair 
I C [' defines a nacs on K if and only if there is a Borel subalgebra b of Q containing 
[ and such that u = [b, b] is contained in I. In that case the choices can be made in 
such a way that [' C b. 
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Proof. The "if part of the statement is just Theorem 12. 81 Assume that there is a 
Borel subalgebra b containing [, which ah'cady imphes that 1 is solvable, and such 
that u = [b, b] C [. One can show as in Proposition l2 . 1 II that if we set t = b n 6 then 
r = t"' C b is a Cartan subalgebra of g. Moreover one has b = r©u. The hypothesis 
u C I then implies [ = (lnr)©u. Since dime b = n + r + 1 and dime ' = n the last two 
equalities imply dime (I fir) < dimcr. Therefore there exists ^ G r\(lnr). We define 
[' = I© (C) and we claim that the pair [ C I' defines a nacs. Clearly dimR(l' Ot) = 1 
and moreover [ is an ideal of I'. Indeed each X £ 1 can be written X = Xq + Xi 
where Xq elDv and Xi e u, thus [C, X] = [C, Xq] + [C, ^i] = [C, ^i] e u C L □ 



3. A GEOMETRIC CONSTRUCTION OF INVARIANT STRUCTURES 

In this section we introduce a geometrical construction which provides left- 
invariant complex structures or nacs on a given semisimple compact Lie group 
K. It is shown that each invariant structure on K is obtained in that way. As a 
corollary we also prove the existence of left-invariant complex structures or nacs 
on any compact Lie group. This was already known by the work of Samelson and 
Wang (cf. in] and PO]) in the case of complex structures and the work of Char- 
bonel and Khalgui on CR-structures (cf. 0) in the case of nacs. The interest 
of the geometrical approach is that after a slight modification it can also produce 
non-invariant, and therefore different, structures on K. The generalization of this 
construction will be carried out in Section 4. 

Let us assume that the compact Lie group K is semisimple and let us fix a 
maximal torus T = (5'i)i'ankK ^ Borel subgroup B of G containing T. Let 

t and b be the Lie algebras of T and B respectively. The connected Lie subgroup H 
of G associated to the Lie algebra r = t'' is a Cartan subgroup and it is isomorphic 
to (C*)i'ankK^ Qj^g j^g^g B = H • U whcrc U is the nilpotent Lie group associated 
to u = [b, b]. We also recall that the Iwasawa decomposition states G = K • A • U 
where A = K^'^nkK j^-^q connected Lie subgroup associated to the Lie subalgebra 
it. 

A Lie group morphism A : C' (C*)'' is the composition with the exponential 
map of a C-linear morphism 

A° : C' ^ C« 
z = (zi, . . . 1-^ M • z 

where M = {m\) is a (g x ^)-complex matrix. Let ei, 62; be the canonical basis of 
M^' C', i.e. ei = (1,0, ...,0), 62 = (i, 0, . . . , 0), . . . , 62; = (0,...,i), and denote 
by Aa the {q x 2^)-real matrix whose colums are Re(A°(ei)). That is 



Aa = 



/ RemJ —Imm} ... Rem'j^ — Imm'j^ 



y Re mj — Im mj . . . Re m^ — Im m|^ 



We denote by Ba the real matrix of dimension q x {21 — 2) which is obtained from 
Aa just by removing the first two columns and keeping the last 2/ — 2 ones. 

For us q will be the rank of K and we consider two cases. In the first one the 
dimension of K is even and rankK = 2r and I = r. In this case Aa is a square 
(2r X 2r)-real matrix and we have: 
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Lemma 3.1. Let A : C — > H 6e a Lie group morphism. The Lie subgroup A(C'') 
is transverse to T if and only if 

(I) detAA ^ 0. 
In that case A(C'') is a closed subgroup o/H. 

The proof of this statement is similar and simpler than the one of Lemma 13.21 
below and we omit it. 

In the second case the dimension of K is odd and rankK = 2r+l and I = r+1. In 
this case the real matrices Aa and Ba have respective dimensions (2r + l) x (2r + 2) 
and (2r + 1) x 2r and we have 

Lemma 3.2. Let A : C"*"^ —> }1 be a Lie group morphism. Then the Lie subgroups 
A({0} X C) and A(C''~'"^) o/H fulfill the transversality conditions 

A({0} X C) n T = {0}, dimR A(C'^+i) n T = 1 

if and only if the matrices Aa and Ba have maximal rank, i. e. 

(II) rank Aa = 2r + 1 and rank Ba — 2r 
In that case A({0} x C) is a closed subgroup ofH. 

Remark 3.3. Under the hypothesis of the lemma the morphism A is injective when 
restricted to {0} x C" and dimker A — 0. 

Proof Notice that T is included in H as (S'i)2'-+i c (C*)2'-+i. We have 

A{zi,...,Zr+i) = l^exp ^^mjzj^,...,exp (^^m^2r+i^j 
and therefore A(0, Z2, Zr+i) intersects T if and only if 

/r+1 s .r+1 s 

(4) Re )=•••= Re E mir+i^, j = 0. 

Setting Zj = Xj + lyj condition I^J can be rewritten as 

'■+1 / . \ 

( Rem^Xj — ImTO^,?;j I = Vfc = 1, 2r + 1. 

j=2 ^ ^ 

The coefficients of this homogeneous system are the entries of the matrix Ba. 
Therefore system Q admits a unique solution Z2 = ... = Zr+i = if and only 
if rankBA — 2r. Similarly the condition dimRA(C'"+^) n T = 1 is equivalent to 
rank Aa = 2r + 1. 

Finally we prove that in this situation A({0} x C) is closed in H = (C*)^''+^. It 
is enough to check that it is closed in a neighborhood of the identity e — A(0). We 
are assuming that the rank of Ba is maximal and therefore A(z) is close to e if and 
only if 

r+1 / N 

<e Vfc= l,...,2r+l. 



J2 (^Rem^j^Xj - Inim^yj^ 



i=2 

Since the restriction to {0} x C" of the morphism A is an immersion this proves 
that A({0} X C) is closed in H. □ 
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We assume that A : C' ^ H, where l~rorl = r + l according to the parity of 
diniKK, is a Lie group morphism fulfiUing the transversahty conditions (I) or (II). 
Since B = H • U is the normahzer A^(U) of U we can conclude the foUowing. If 
diniR K = 2n and therefore its rank is also even, rankK = 2r, then La — A(C'') • U 
is a well defined complex Lie subgroup of G of complex dimension n. We denote 
by 1a the corresponding Lie subalgebra. In a similar way, if dimR K = 2n + 1 and 
rankK = 2r + 1 then La = A({0} x C) • U and L^^ = A(C''+i) • U are Lie subgroups 
of G of complex dimensions n and n + 1 respectively. We denote by 1a and 1^ the 
corresponding Lie subalgebras. 

Under the transversahty hypothesis (I), or (II), see Lemmas 13. II and respec- 
tively, the Lie subgroup La is closed in G although this will not be necessarily the 
case for L^. This is proved in next theorem which states that each such morphism 
A induces a left-invariant complex structure or nacs on K and that every such an 
invariant structure is obtained in this way. 

Theorem 3.4. Let K be a semisimple compact connected Lie group, and let H 
be a Cartan subgroup of G and B a Borel subgroup containing H. Assume that 
A : C' — > H, where I = r or I = r + 1 according to the parity of dim^ K, is a Lie 
group morphism fulfilling the transversahty condition (I) or (II) . Then the group h\ 
is closed in G and the Lie subalgebra l\, or the pair 1a C 1a, define a left-invariant 
complex structure, or nacs, on K. More precisely 

(i) i/ dimR K = 2n and rankK = 2r then the natural inclusion K ^ G/La is a 
biholomorphism. 

(ii) i/dimR K = 2n + l and rankK — 2r + l then K ^ G/La is a CR-embedding. 
Moreover there is holomorphic vector field C, on G/La transverse to K and 
whose real part is tangent to K and defines the CR- action of the nacs on K. 

Conversely, every left-invariant complex structure or nacs on K is induced by such 
a morphism A : — + H for a suitable choice of T and B. 

The above construction of invariant complex structures or nacs on K can also 
be described in the following way. The inclusion K C G induces an embedding of 
K into the complex manifold G/U that, using representation theory, can be shown 
to be a Zariski open subset of an afFine algebraic variety. On the other hand, since 
H is contained in the normalizer iV(U) = B of U the morphism A : C' ^ H induces 
a well defined action of C' on the quotient G/U. The key point is that conditions 
(I) and (II) imply that this action is transverse to K. Therefore we can apply the 
following basic fact 

Lemma 3.5. Let J- be a holomorphic foliation on a complex manifold X. A real 
submanifold M o/ X transverse to T inherits a transversely holomorphic foliation 
in a natural way. If dim M — codR^F then the transversely holomorphic foliation is 
just a complex structure on M. 

In our situation X ~ G/U and the foliation !F is defined by the orbits of the 
C'-action. There are two cases. If dimR K = 2n then / = r and the dimension of 
K is precisely the real codimension of J^. Therefore J- induces a complex structure 
on K. In fact K is naturally identified to the orbit space of the action. The second 
case, when dimR K = 2n + 1 and Z = r + 1, is more involved. In this case induces 
on K a transversely holomorphic foliation J-k of dimension one. The CR-structure 
on K is determined by A({0} x C) and there is a fundamental vector field of the 



12 



J. -J. LOEB, M. MANJARIN, M. NICOLAU 



C+^-action whose real flow ips is tangent to K, preserves the CR-structure and 
defines the foliation JFk- 

Remark 3.6. Since all Borel subgroups of G are conjugated, different choices of the 
maximal torus T and the Borel group B in the above theorem produce left-invariant 
complex structures, or nacs, on K which are conjugated. That is, up to conjugacy, 
the only way of obtaining different left-invariant structures is by making different 
choices of the morphism A : C' ^ H 

Proof, (of the Theorem) We give the proof in the odd-dimensional case. Notice 
that B, H, and U are closed in G and that the map (p:HxU^B = H-U, given 
by ip{h,u) — h ■ u, is a diffeomorphism. Therefore if {hm}, {u,„} are sequences in 
A({0} X C) and U respectively with hm ■ Un ^ b G B then we can write b — h ■ u 
with ft, G H and u S U in a unique way and one has hm h, Um —> u. By Lemma 
13.21 the group A({0} x C) is closed in H and hence h g A({0} x C") proving that 
La is closed in G. 

The map K G/L\ induced by the inclusion K C G is an embedding of K as 
a real hypersurface of the complex manifold G/L\. This inclusion induces a CR- 
structure on K which is left-invariant and which is determined by the Lie subalgebra 
Ia of 0. Notice also that dime U = n, dime ^a = + 1' Ia H ? = 0, dimu n t = 1 
and that [Ia, [a] <^ ^] — ^ [a, which implies that the pair of subalgebras Ia C Ia 
define a left-invariant nacs on K. Moreover the vector field C on G/La induced by a 
non-zero element ^ S 'a ^ required properties. (Up to a linear coordinate 

change in C''+^ one can assume that — A(ei).) 

The converse follows from Theorem 12.81 and the observation that the only pairs 
L C L' of complex Lie subgroups of B containing U and such that T n L = {e} and 
T n L' = (Om are those of the form La = A({0} x • U c L'a = A'(C''+i) • U 
where A : — s- (C*)2r+i j^jg group morphism verifying the transversality 
condition (II). □ 

Example 3.7. Let us consider the semisimple Lie group K = SU(2) whose universal 
complexification is SL(2, C). Its Lie algebra can be written t = su(2) — (ei, 62, 63)11 
with [61,62] = 263, [62,63] = 26i and [63,61] = 262. We can take as Cartan group 
H and Borel group B the Lie subgroups associated to the subalgebras 

f) = (6l)c (61,62 4^163)0. 

Then u = (u2 + iti3)c. Since dime t) = 1, up to conjugation there is only one 
left-invariant nacs on SU(2), the one defined by the pair of subalgebras [ = u and 

[' = b. 

Nevertheless using Proposition 12.121 one sees that there are left-invariant CR- 
structures on SU(2) which do not underlie a nacs. One can take for instance any 
algebra of the family [„ = (61 -|-q;(62 -l-i63))c for a e M*. The same considererations 
can be made for S0(3) as so(3,M) = su(2). 

We end this section by considering the general case of a compact Lie group K 
which is not necessarily semisimple. As a corollary of Theorem 13.41 we prove the 
well known result (cf. JOI and 0) of the existence of a left invariant complex 
structure or nacs on K. Before proving this we make some easy considerations. 

Remark 3.8. Let K be a semisimple compact connected Lie group of even dimension 
endowed with a left-invariant complex structure defined by a subalgebra [ of g. Then 
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this invariant structure induces a left-invariant nacs on the product K x S*^ defined 
by the pair [ C 1' = I (^)'^ where (^)''' is the vector field determined by the 
natural S'^-action. 

In a similar way one can see that if Ki and K2 are compact connected Lie groups 
carrying respectively a left-invariant nacs and a left-invariant complex structure 
then the product Ki x K2 is endowed with a natural left-invariant nacs. 

Corollary 3.9. Let K be a compact connected Lie group. Then K admits left- 
invariant complex structures, or nacs, according to the parity of its dimension. 

Proof. Let us consider only the odd-dimensional case. Assume first that K is 
semisimple. Since there exist group morphisms A : C"^^ H fulfilling the transver- 
sality condition (II), Theorem 13 . 41 shows the existence of left-invariant nacs on K. 

Let us consider now the general case. As it was explained in 12.41 the compact 
Lie group K can be written as a quotient K — T\K' x {S^)p where K' is semisimple 
and r is a finite subgroup of K' x {S^)p. It follows from remarks 12 . 31 and l3 . 81 that 
there also exists left-invariant nacs on the product K' x (5^)^. Since T is contained 
in the center they induce invariant nacs on the quotient K. □ 

4. Construction of non-invariant structures 

The aim of this section is to generalize the construction made in Section 3 in 
order to define non-invariant complex structures or nacs on the semisimple compact 
Lie group K. As it is explained after the statement of Theorem 13 .41 that construc- 
tion can be understood as follows. There is a natural embedding of K into the 
complex manifold G/U. On the other hand G/U can be endowed with a holomor- 
phic foliation T whose leaves are the orbits of a suitable C'-action. This action is 
associated to the choice of an Abelian subgroup A(C') of H C G and, if it fulfills 
a certain transversality condition (conditions (I) or (II)), then it induces either a 
left-invariant complex structure or a nacs on K. 

In this section we construct more general foliations J- on G/U also induced by 
C'-actions but not necessarily associated to an Abelian subgroup of G. Under 
certain conditions induces a complex structure or a nacs on K which in general 
it is not invariant. In the even-dimensional case this condition is simple. Due to 
Lemma |3 . 51 transversalitv of J- with K already assures the existence of a complex 
structure. In the odd-dimensional case the condition is necessarily stronger because 
transversality assures the existence of a transversely holomorphic fiow on K but it 
is not sufficient by itself to determine neither the CR-structure on K neither to 
guarantee the existence of a transverse M-action. 

As above we fix a Cartan subgroup H of G, a Borel subgroup B containing H 
and we denote by U the derived group of B, i.e. U = [B,B]. With these choices 
the Iwasawa decomposition can be written G = K • A • U where A is a sugroup of 
H isomorphic to R'''"'*^^. Therefore there is a fibration 

K > G/U 

TT 

A 

whose fibers are the translations Ka of K by the elements of A (since A C N{\J) 
this notation is not ambiguous). We put K ~ Ke. 
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We consider first the even-dimensional case, that is dimR K = 2n and rank K = 
2r. Given a locally free holomorphic C-action (p : x G/U — > G/U we will denote 
by the orbit of [x] € G/U, that is = (^(C, [x]). 

Definition 4.1. We say that a locally free holomorphic C-action cp : x G/U 
G/U fulfills the transversality condition (Ilia), where a G A, if the orbits of the 
action are transverse to the fiber Ka, that is 

(Ilia) dimR(Fp n Ka) = for each p e Ka. 

In case a = e we put (Ille) = (HI)- 

We consider now the odd-dimensional case. In this situation dimg K = 2n -I- 1 
and rankK = 2r + 1. We recall that a CR-structure with a transverse M-action (or 
nacs) on K is determined by a real vector field ^ on K and two complex subbundles 

V and V' of T^'K of respective ranks n and n + 1 such that: (i) Vp fl TpK = and 

V = V® iOc, (ii) V and V are involutive, and (iii) V] C V. 

Given a locally free holomorphic C+^-action ip : x G/U — > G/U and x G G 
we denote by F^ and F^ the orbits of [x] G G/U by the action of the groups {0} x C 
and respectively. That is 

i^,=^({0}xe,H) F^=^(C''+i,M). 

We denote by zq, zi, . . . , Zr the linear coordinates of C''+^. 

Definition 4.2. A locally free holomorphic C^+^-action (p : C+i x G/U G/U 
is said to fulfill the transversality condition (IVa), where a e A, if there exist A € C 
such that for each p e Ka one has 

J (i) dims (Fp nKn) = and dimR (i^^; nKa) = 1 
^ \ (ii) e = #(Rc=(Agf^)) is tangent to Ka. 

In case a = e we put (IVc) = (IV). 

The following statement is straightforward. 

Lemma 4.3. A locally free holomorphic U'^^-action ip : x G/U G/U 

fulfilling the transversality condition (IV) induces a nacs on K. 

The next result, which is also straightforward, is the key for constructing more 
general C'-actions on G/U. 

Lemma 4.4. The action of (C*)^' = H x H = B/U x B/U on the homogeneous 
space G/U given by (/ii, /i2, [g]) [hi ■ g ■ /i2] is well defined. 

Let A : C' — > H X H be a given Lie group morphism. We write A = (Ai, A2) 
where Aj : ^ H are the components of A. The composition of such a morphism 
with the above (H x H)-action induces a C'-action on G/U that we denote 

(^A : C X G/U ^ G/U. 

Remark 4.5. It is easy to see that the action ip/^ associated to a morphism of the 
form A = (e,A2) fulfills condition (III) or (IV) if and only if A2 fulfills condition 

(I) or (II) respectively. 

As above we set I = r ii rank K = 2r and / = r -|- 1 if rank K = 2r -|- 1 . With this 
notation we have 
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Proposition 4.6. Let A : C' — > H x H fee a Lie group morphism inducing a locally 
free action (p\ : C' x G/U — > G/U which fulfills the transversality condition (III), 
or (IV). Then ip^, also fulfills (Ilia); or (IVa), for each a G A. 

Proof. Since A C N{\J) one has 

(5) ipA{c, [xa]) = [Ai{c) X a A2{c)] = [Ai(c) x A2(c) a] = ipA{c, [x])a. 

Let us consider the odd-dimensional case. Given [y] e Ka there are x € K and 
V G \] such that y = xav. Now conditions (i) in Definition 14. 21 foUow directly from 
((nj and condition (ii) follows from the differential version of |3l • □ 

Theorem 4.7. Let K be a semisimple compact connected Lie group. Every mor- 
phism of Lie groups A : C' ^ H x H inducing a locally free holomorphic action 
(fiA '■ X G/U — > G/U and fulfilling the transversality condition (III), or (IV), 
determines onK a complex structure, or a nacs, in a natural way. Moreover, such 
a structure is left-invariant if and only if A = (e, A2). 

The fact that a morphism (p\ fulfilling (III) or (IV) induces on K a complex 
structure or a nacs follows from Lemmas 13.51 and 14.31 The characterization of the 
invariant structures is given by the next proposition which is only stated for the 
odd-dimensional case. The analogous statement for the even-dimensional case can 
be proved in a similar way. 

Proposition 4.8. Let A : ^ H x H be a Lie group morphism inducing a 

locally free holomorphic action ipA ■ C^^^ x G/U — > G/U and fulfilling the transver- 
sality condition (IV) . Then the following conditions are equivalent: 

(a) The nacs on K induced by A is left-invariant. 

(b) One has g ■ Fy = Fg.y and g ■ Fy — F'^.y for each y,g gG. 

(c) The morphism A is of the form A = (e, A2). 

Proof. Let us begin by proving (a) (b). Assume that the nacs on K is left- 
invariant. In particular the two subbundles V and V — V ® (Oc of T'^K defining 
the structure are invariant by K. This means that 

fc•d^^({0}xC^^[,]G/U) = d^A({0}xC^^[fe,]G/U), 

fc-d^A(C'-+i,r[,]G/u) = d^A({o}xC'^+i,r[fc,]G/u). 

for every a;, fc G K (by abuse of notation we also denote by k- the differential map 
of left multiplication by k). Denote by T and T' the foliations on G/U whose 
leaves are Fy and Fy respectively and let and V and V be the corresponding 
tangent distributions. Then lO says that the restriction, I?|k and I?'|k, of these 
distributions to K are invariant by the action of K. Now the differential version of 
the identity © imply that the whole distributions T> and T)' are in fact invariant 
by K. By integration we deduce that the foliations themselves are K-invariant, that 
is 

(7) k-Fy = Fky and k-F;^=Fly 

for each y G G and A; G K. 

Now we denote by G the set of elements in G preserving the holomorphic folia- 
tions J- and JF'. That is 

G^{geG\g-Fy^Fgy, g-F'y^F'yy, Vj/ G G}. 
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Note that G is a complex Lie subgroup of G because it is defined by holomorphic 
conditions and one has e G G and g ■ Fg-i y — Fy, so Fg-i.y — g^^ ■ Fy. Since G is 
totally real in G we conclude that G = G which proves (b). 

It is clear that condition (c) implies (a) therefore it is sufficient to prove the 
implication (b) (c). 

Let c G be given. We want to see that Ai(c) = e. Denote by r, b and 

u the Lie subalgebras associated to H, B and U respectively. Using the Cartan 
decomposition we can write, as above, b = t©^gj Qa and u = ®Qgjf)cc Then 

is a Lie subalgebra whose corresponding connected Lie group is also a Borel group 
B'. If U' is its derived group then B' = H • U' and U n U' = {e}. 

Let us choose 5 G U'. By hypothesis there exists d G such that 

• ^h{c, [g]) = tfA{d, [e]). 

Equivalently there exists m G U such that 

(8) 5Ai(d)A2(d) - Ai(c)gA2(c)u. 

Note that 5 G U' and Ai(c), A2(c), Ai(d), A2(d) G H, therefore g Ki{d) K2{d) and 
Ai(c) gA2(c) belong to B'. As Un B' = {e} equation JHl implies 

(9) 5Ai(d)A2(d) = Ai(c)5A2(c) 
which can be rewritten as 

Ki{d)-^ g Ki{d) = Ai(c - d) A2(c - d) A2"^(c - d) g K^ic ~ d) 

where Ai{d)~^ g Ai{d), A^^ {c - d) g A2(c - d) G U' and Ai(c - d) A2(c - d) G H. 
Since H fl U' = {e} this implies Ai(c — d) =^ A2{d— c) or equivalently 

Ai(c)A2(c) = Ai(d)A2(d). 

Combining the last equation with Q we obtain 

g^Ai{c)-^gAi{c). 

This last identity is verified for each c G and each 5 G U', and thus for each 

5 G B' = H • U'. Therefore it implies that the image of Ai belongs to the center of 
B' which is equal to the center Z{G) of G (cf. 0, p.l40). Since Z{G) = Z{K) and 
K is semisimple the center is finite. By continuity Ai(c) = Ai(0) = e as desired. □ 

Remark 4.9. It follows from its definition that the action if a of C' on G/U is Z{G)- 
equivariant. This means that one has g ■ Fy — Fgy and g ■ Fy = F'^y for each y G G 
and each g G Z{G) = Z{K). So, although the complex structures or nacs given by 
Theorem 14 . 71 are not K-invariant in general, all of them are invariant by the center 
Z{K) of K. 

We end the section deducing from Theorem 14.71 the existence of non-invariant 
complex structures or nacs on each compact Lie group K different from S^. First 
we discuss the particular cases K — SU(2) and S0(3,M). 

Example 4.10. In this example we describe the nacs on K = SU(2) = that are 
obtained by means of the construction given in the above theorem. In particular we 
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show the existence of non-invariant nacs. With the choices made in Example 13.71 
the Iwasawa decomposition of G = SL(2, C) is 

SL(2,C) = SU(2)-A-U 

where A = {(^,"1) : A e M+}, H = {(^„°0 ^ aeC*}, U = {(J?) : a G C}. 
The hnear action of SL(2,C) on identifies G/U = SL(2,C)/U ^ C^MO}. With 
this identification SU(2) is embedded as the unit sphere in C^\{0}. Tlicn the action 
of H X H = (C*)2 on G/U ^ C^\{0} corresponds to 

(H X H) X C^\{0} C^\{0} 

(a, /3), (z, w) 1-^ {a(3z, a~^Pw). 

A morphism A : C ^ (C*)^ is of the form A(t) = (e"*,e''*) for a,b € C and the 
induced C-action (pjy on C'^\{0} is 

C X C\{0} C\{0} 

Notice that ipA is induced by the vector field 

/ ,\ 9 ^ d 

r]= {a + b)z— + (0 - a)w—, 
oz ow 

which intersects in a 1-dimensional orbit if and only if there does not exist 
fjL € M~ such that a -\- b — fi(b — a). In fact a straightforward computation shows 
that the action ipA fulfills the transversality condition (IV) if and only if there exists 
fi G R"*" such that a + b = n{b —a). In each of these cases the action defines a nacs 
on SU(2). A direct computation shows also that the structure is left-invariant if 
and only if a = 0. 

We remark that all these structures are invariant by the involution v{z, w) = 
{—z, —w) and therefore induce nacs on S0(3,M), which is the quotient of SU(2) by 
its center. 

Corollary 4.11. Let K be a compact connected Lie group with dimK > 1. Then K 
admits non-invariant complex structures or nacs ( and in particular a non-invariant 
CR-structure of maximal dimension). 

Proof. Assume first that the group K is semisimple. If rankK > 1, one can easily 
construct non-invariant structures as small deformations of invariant ones. For 
instance, in the odd-dimensional case, it is enough to determine the action of A on 
the vector ei = (1,0,..., 0) in such a way that condition (ii) in the transversality 
hypothesis (IV) is verified and then to chose the images of the other vectors in the 
basis in such a way that the GR-structure is not invariant. 

On the other hand the only compact connected Lie groups of rank 1 are S^, 
S0(3) and SU(2). The group only admits an invariant nacs but it is excluded 
by the hypothesis. For the other groups the existence of non-invariant nacs has 
been shown before. 

In the general case the statement can be proved in a way similar to Gorollarv l3.9l 
taking into account Remarks 12 . 41 and 14.91 □ 
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